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Chapter 2: Properties of Pure Substances

We now turn our attention to the concept of pure substances and the
presentation of their data.

Simple System

A simple system is one in which the effects of motion, viscosity, fluid
shear, capillarity, anisotropic stress, and external force fields are absent.

Homogeneous Substance

A substance that has uniform thermodynamic properties throughout is said
to be homogeneous.

Pure Substance

A pure substance has a homogeneous and invariable chemical composition
and may exist in more than one phase. 

Examples: 
1.  Water (solid, liquid, and vapor phases) 
2.  Mixture of liquid water and water vapor 
3.  Carbon dioxide, CO2
4.  Nitrogen, N2  
5. Mixtures of gases, such as air, as long as there is no change

of phase.

State Postulate

Again, the state postulate for a simple, pure substance states that the
equilibrium state can be determined by specifying any two independent
intensive properties.
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The P-V-T Surface for a Real Substance

♦ P-V-T Surface for a Substance that contracts upon freezing

♦ P-V-T Surface for a Substance that expands upon freezing



  

Real substances that readily change phase from solid to liquid to gas such
as water, refrigerant-134a, and ammonia cannot be treated as ideal gases in
general.  The pressure, volume, temperature relation, or equation of state
for these substances is generally very complicated, and the thermodynamic
properties are given in table form.  The properties of these substances may
be illustrated by the functional relation F(P,v,T)=0, called an equation of
state.  The above two figures illustrate the function for a substance that
contracts on freezing and a substance that expands on freezing. Constant
pressure curves on a temperature-volume diagram are shown in Figure 2-
11.  These figures show three regions where a substance like water may
exist as a solid, liquid or gas (or vapor).  Also these figures show that a
substance may exist as a mixture of two phases during phase change, solid-
vapor, solid-liquid, and liquid-vapor. 

Water may exist in the compressed liquid region, a region where saturated
liquid water and saturated water vapor are in equilibrium (called the
saturation region), and the superheated vapor region (the solid or ice region
is not shown).

    Let's consider the results of heating liquid water from 20°C, 1 atm while
keeping the pressure constant.  We will follow the constant pressure
process shown in Figure 2-11.  First place liquid water in a piston-cylinder
device where a fixed weight is placed on the piston to keep the pressure of
the water constant at all times.  As liquid water is heated while the pressure
is held constant, the following events occur.

Process 1-2:
The temperature and specific volume will
increase from the compressed liquid, or
subcooled liquid, state 1, to the saturated liquid
state 2.  In the compressed liquid region, the
properties of the liquid are approximately equal
to the properties of the saturated liquid state at
the temperature.
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Process 2-3: 

At state 2 the liquid has reached the temperature at which it begins to boil,
called the saturation temperature, and is said to exist as a saturated liquid.
Properties at the saturated liquid state are noted by the subscript f and v2 =
vf.  During the phase change both the temperature and pressure remain
constant (water boils at 100°C when the pressure is 1 atm or 101.325 kPa).
At state 3 the liquid and vapor phase are in equilibrium and any point on
the line between states 2 and 3 has the same temperature and pressure.  

Process 3-4: 

At state 4 a saturated vapor exists and vaporization is complete.  The
subscript g will always denote a saturated vapor state.  Note v4 = vg.
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Thermodynamic properties at the saturated liquid state and saturated vapor
state are given in Table A-4 as the saturated temperature table and Table
A-5 as the saturated pressure table.  These tables contain the same
information.  In Table A-4 the saturation temperature is the independent
property, and in Table A-5 the saturation pressure is the independent
property.  The saturation pressure is the pressure at which phase change
will occur for a given temperature.  In the saturation region the temperature
and pressure are dependent properties; if one is known, then the other is
automatically known.

Process 4-5:

If the constant pressure heating is continued, the temperature will begin to
increase above the saturation temperature, 100 °C in this example, and the
volume also increases.  State 5 is called a superheated state because T5 is
greater than the saturation temperature for the pressure and the vapor is not
about to condense.  Thermodynamic properties for water in the
superheated region are found in the superheated steam tables, Table A-6.

This constant pressure heating process is illustrated in the following figure.
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Figure 2-11

Consider repeating this process for other constant pressure lines as shown
below. 
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If all of the saturated liquid states are connected, the saturated liquid line is
established.  If all of the saturated vapor states are connected, the saturated
vapor line is established.  These two lines intersect at the critical point and
form what is often called the “steam dome.”  The region between the
saturated liquid line and the saturated vapor line is called by these terms:
saturated liquid-vapor mixture region, wet region (i.e., a mixture of
saturated liquid and saturated vapor), two-phase region, and just the
saturation region.  Notice that the trend of the temperature following a
constant pressure line is to increase with increasing volume and the trend
of the pressure following a constant temperature line is to decrease with
increasing volume.

99.63oC
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The region to the left of the saturated liquid line and below the critical
temperature is called the compressed liquid region.  The region to the right
of the saturated vapor line and above the critical temperature is called the
superheated region.  See Table A-1 for the critical point data for selected
substances. 

Review the P-v diagrams for substances that contract on freezing and those
that expand on freezing given in Figure 2-21 and Figure 2-22.

At temperatures and pressures above the critical point, the phase transition
from liquid to vapor is no longer discrete.
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Figure 2-25 shows the P-T diagram, often called the phase diagram, for
pure substances that contract and expand upon freezing.

The triple point of water is 0.01oC, 0.6113 kPa (See Table 2-3).
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The critical point of water is 374.14oC, 22.09 MPa (See Table A-1).
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Plot the following processes on the P-T diagram for water (expands on
freezing) and give examples of these processes from your personal
experiences. 

1.   process a-b: liquid to vapor transition 
2.   process c-d: solid to liquid transition 
3.   process e-f: solid to vapor transition 
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Property Tables

In addition to the temperature, pressure, and volume data, Tables A-4
through A-8 contain the data for the specific internal energy u the specific
enthalpy h and the specific entropy s.  The enthalpy is a convenient
grouping of the internal energy, pressure, and volume and is given by

H U PV= +
The enthalpy per unit mass is

h u Pv= +
We will find that the enthalpy h is quite useful in calculating the energy of
mass streams flowing into and out of control volumes.  The enthalpy is
also useful in the energy balance during a constant pressure process for a
substance contained in a closed piston-cylinder device.  The enthalpy has
units of energy per unit mass, kJ/kg.  The entropy s is a property defined
by the second law of thermodynamics and is related to the heat transfer to a
system divided by the system temperature; thus, the entropy has units of
energy divided by temperature.  The concept of entropy is explained in
Chapters 5 and 6.

Saturated Water Tables

Since temperature and pressure are dependent properties using the phase
change, two tables are given for the saturation region.  Table A-4 has
temperature as the independent property; Table A-5 has pressure as the
independent property.  These two tables contain the same information and
often only one table is given. 
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For the complete Table A-4, the last entry is the critical point at 374.14 oC.
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For the complete Table A-5, the last entry is the critical point at 22.09
MPa.

Saturation pressure is the pressure at which the liquid and vapor phases
are in equilibrium at a given temperature.

Saturation temperature is the temperature at which the liquid and vapor
phases are in equilibrium at a given pressure.

In Figure 2-11, states 2, 3, and 4 are saturation states.

The subscript fg used in Tables A-4 and A-5 refers to the difference
between the saturated vapor value and the saturated liquid value region.
That is, 
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u u u
h h h
s s s

fg g f

fg g f

fg g f

= −

= −

= −

The quantity hfg is called the enthalpy of vaporization (or latent heat of
vaporization).  It represents the amount of energy needed to vaporize a unit
of mass of saturated liquid at a given temperature or pressure.  It decreases
as the temperature or pressure increases, and becomes zero at the critical
point.

Quality and Saturated Liquid-Vapor Mixture

Now, let’s review the constant pressure heat addition process for water
shown in Figure 2-11.  Since state 3 is a mixture of saturated liquid and
saturated vapor, how do we locate it on the T-v diagram?  To establish the
location of state 3 a new parameter called the quality x is defined as 

x
mass

mass
m

m m
saturated vapor

total

g

f g

= =
+

The quality is zero for the saturated liquid and one for the saturated vapor
(0 ≤  x ≤1).  The average specific volume at any state 3 is given in terms of
the quality as follows.  Consider a mixture of saturated liquid and saturated
vapor.  The liquid has a mass mf and occupies a volume Vf.  The vapor has
a mass mg and occupies a volume Vg.
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We note
V V V
m m m
V mv V m v V m v

f g

f g

f f f g g g

= +

= +

= = =,    ,    

mv m v m v

v
m v

m
m v

m

f f g g

f f g g

= +

= +

Recall the definition of quality x

x
m
m

m
m m

g g

f g

= =
+

Then

m
m

m m
m

xf g=
−

= −1
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Note, quantity 1- x is often given the name moisture.  The specific volume
of the saturated mixture becomes

v x v xvf g= − +( )1

The form that we use most often is 

v v x v vf g f= + −( )

It is noted that the value of any extensive property per unit mass in the
saturation region is calculated from an equation having a form similar to
that of the above equation.  Let Y be any extensive property and let y be the
corresponding intensive property, Y/m, then

y Y
m

y x y y

y x y
where y y y

f g f

f fg

fg g f

= = + −

= +

= −

( )

The term yfg is the difference between the saturated vapor and the saturated
liquid values of the property y;  y may be replaced by any of the variables
v, u, h, or s.

We often use the above equation to determine the quality x of a saturated
liquid-vapor state.

The following application is called the Lever Rule:
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x
y y

y
f

fg

=
−

Superheated Water Table

A substance is said to be superheated if the given temperature is greater
than the saturation temperature for the given pressure.

State 5 in Figure 2-11 is a superheated state.

In the superheated water Table A-6, T and P are the independent
properties.  The value of temperature to the right of the pressure is the
saturation temperature for the pressure.  The first entry in the table is the
saturated vapor state at the pressure.
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Compressed Liquid Water Table

A substance is said to be a compressed liquid when the pressure is greater
than the saturation pressure for the temperature. 
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It is now noted that state 1 in Figure 2-11 is called a compressed liquid
state because the saturation pressure for the temperature T1 is less than P1.  

Data for water compressed liquid states are found in the compressed liquid
tables, Table A-7.  Table A-7 is arranged like Table A-6, except the
saturation states are the saturated liquid states.  Note that the data in Table
A-7 begins at 5 MPa or 50 times atmospheric pressure.  

At pressures below 5 MPa for water, the data are approximately equal to
the saturated liquid data at the given temperature.  We approximate
intensive parameter y, that is v, u, h, and s data as

y y f T≅ @
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The enthalpy is more sensitive to variations in pressure; therefore, at high
pressures the enthalpy can be approximated by

h h v P Pf T f sat≅ + −@ ( )
For our work, the compressed liquid enthalpy may be approximated by

h hf T≅ @

Saturated Ice-Water Vapor Table

When the temperature of a substance is below the triple point temperature,
the saturated solid and liquid phases exist in equilibrium.  Here we define
the quality as the ratio of the mass that is vapor to the total mass of solid
and vapor in the saturated solid-vapor mixture.  The process of changing
directly from the solid phase to the vapor phase is called sublimation. Data
for saturated ice and water vapor are given in Table A-8.  In Table A-8, the
term Subl. refers to the difference between the saturated vapor value and
the saturated solid value.
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The specific volume, internal energy, enthalpy, and entropy for a mixture
of saturated ice and saturated vapor are calculated similarly to that of
saturated liquid-vapor mixtures. 

y y y
y y x y
ig g i

i ig

= −

= +

where the quality x of a saturated ice-vapor state is

x
m

m m
g

i g

=
+
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How to Choose the Right Table

The correct table to use to find the thermodynamic properties of a real
substance can always be determined by comparing the known state
properties to the properties in the saturation region.  Given the temperature
or pressure and one other property from the group v, u, h, and s, the
following procedure is used.  For example if the pressure and specific
volume are specified, three questions are asked: For the given pressure,

Is   ?
Is   ?
Is   ?

v v
v v v
v v

f

f g

g

<

< <

<
 

The answer to one of these questions must be yes.  If the answer to the first
question is yes, the state is in the compressed liquid region, and the
compressed liquid tables are used to find the properties of the state.  If the
answer to the second question is yes, the state is in the saturation region,
and either the saturation temperature table or the saturation pressure table
is used to find the properties.  Then the quality is calculated and is used to
calculate the other properties, u, h, and s.  If the answer to the third
question is yes, the state is in the superheated region and the superheated
tables are used to find the other properties.
     Some tables may not always give the internal energy.  When it is not
listed, the internal energy is calculated from the definition of the enthalpy
as

u h Pv     = −
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Example 2-1

Find the internal energy of water at the given states for 7 MPa and plot the
states on T-v, P-v, and P-T diagrams.
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1. P = 7 MPa, dry saturated or saturated vapor 

Using Table A-5,

u u kJ
kgg= = 2580 5.

Locate state 1 on the T-v, P-v, and P-T diagrams.

2. P = 7 MPa, wet saturated or saturated liquid 

Using Table A-5,

u u kJ
kgf= = 1257 6.

Locate state 2 on the T-v, P-v, and P-T diagrams.

3. Moisture = 5%, P = 7 MPa 

let moisture be y, defined as 

P

T, °C

Triple
Point

7
MPa

0.01 285.9 374.14

CPSteam
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y
m
m

f= = 0 05.

then, the quality is
x y= − = − =1 1 0 05 0 95. .

and using Table A-5,

u u x u u

kJ
kg

f g f= + −

= + −

=

( )
. . ( . . )

.

1257 6 0 95 2580 5 1257 6

2514 4

Notice that we could have used

u u x uf fg= +

Locate state 3 on the T-v, P-v, and P-T diagrams.

4. P = 7 MPa, T = 600°C 

For P = 7 MPa, Table A-5 gives Tsat = 285.9°C.  Since 600°C > Tsat for this
pressure, the state is superheated. Use Table A-6.

u kJ
kg

= 3260 7.

Locate state 4 on the T-v, P-v, and P-T diagrams.

5. P = 7 MPa, T = 100°C 

Using Table A-4, At T = 100°C, Psat = 0.10132 MPa. Since P > Psat, the
state is compressed liquid.
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Approximate solution:

u u kJ
kgf T C≅ ==@ .100 418 94

Solution using Table A-7:

We do linear interpolation to get the value at 100 °C.  (We will
demonstrate how to do linear interpolation with this problem even though
one could accurately estimate the answer.) 

P MPa u kJ/kg 
5 417.52 
7  u = ?
10 416.12 

The interpolation scheme is called “the ratio of corresponding differences.”  

Using the above table, form the following ratios.

5 7
5 10

417 52
417 52 41612

416 96

−
−

=
−

−

=

.
. .

.

u

u kJ
kg

Locate state 5 on the T-v, P-v, and P-T diagrams.

6. P = 7 MPa, T = 460°C 

Since 460°C > Tsat at P = 7 MPa, the state is superheated.  Using
Table A-6, we do linear interpolation to get u.
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T °C u kJ/kg 
450 2978.0
460  u = ?
500 3073.4 

Using the above table, form the following ratios.

460 450
500 450

2978 0
30734 2978 0

29971

−
−

=
−
−

=

u

u kJ
kg

.
. .

.

Locate state 6 on the T-v, P-v, and P-T diagrams.

Example 2-2

Determine the enthalpy of 1.5 kg of water contained in a volume of 1.2 m3

at 200 kPa.

Recall we need two independent, intensive properties to specify the state of
a simple substance.  Pressure P is one intensive property and specific
volume is another.  Therefore, we calculate the specific volume.

v Volume
mass

m
kg

m
kg

= = =
12
15

08
3 3.

.
.

Using Table A-5 at P = 200 kPa, 

vf = 0.001061  m3/kg ,     vg = 0.8857 m3/kg

Now,
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Is   ?  No
Is   ?  Yes
Is   ?  No

v v
v v v
v v

f

f g

g

<

< <

<
Locate this state on a T-v diagram.

We see that the state is in the two-phase or saturation region.  So we must
find the quality x first.

v v x v vf g f= + −( )

x
v v
v v

f

g f

=
−

−

=
−
−

=

0 8 0 001061
0 8857 0 001061
0 903

. .
. .
.    (What does this mean?)

Then,
h h x h

kJ
kg

f fg= +

= +

=

504 7 0 903 22019

2493 3

. ( . )( . )

.

T

v
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Example 2-3

Determine the internal energy of refrigerant-134a at a temperature of 0°C
and a quality of 60%.

Using Table A-11, for T = 0°C,

uf = 49.79 kJ/kg          ug =227.06  kJ/kg 

then,
u u x u u

kJ
kg

f g f= + −

= + −

=

( )
. ( . )( . . )

.

49 79 0 6 227 06 49 79

15615

Example 2-4

Consider the closed, rigid container of water shown below.  The pressure is
700 kPa, the mass of the saturated liquid is 1.78 kg, and the mass of the
saturated vapor is 0.22 kg.  Heat is added to the water until the pressure
increases to 8 MPa.  Find the final temperature, enthalpy, and internal
energy of the water.  Does the liquid level rise or fall?  Plot this process on
a P-v diagram with respect to the saturation lines and the critical point.

mg,  Vg

Sat. Vapor

mf,  Vf
Sat. Liquid

P

v
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Let’s introduce a solution procedure that we will follow throughout the
course.  This solution technique is discussed in detail in Chapter 3. 

System: A closed system composed of the water enclosed in the tank 

Property Relation: Steam Tables 

Process: Volume is constant (rigid container) 

For the closed system the total mass is constant and since the process is
one in which the volume is constant, the average specific volume of the
saturated mixture during the process is given by

v V
m

= =  constant

or
v v2 1=

Now to find v1 recall that in the two-phase region at state 1

x
m

m m
kg

kg
g

f g
1

1

1 1

0 22
178 0 22

011=
+

=
+

=
.

( . . )
.

Then, at P = 700 kPa
v v x v v

m
kg

f g f1 1 1 1 1

3

0 001108 011 0 2729 0 001108

0 031

= + −

= + −

=

( )

. ( . )( . . )

.

State 2 is specified by: 

P2 = 8 MPa,   v2 = 0.031 m3/kg

At 8 MPa,
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vf = 0.001384  m3/kg       vg = 0.002352  m3/kg
 
at 8 MPa, v2 = 0.031 m3/kg; therefore, is 

Is   ?  No
Is   ?  No
Is   ?  Yes

v v
v v v
v v

f

f g

g

2

2

2

<

< <

<

Therefore, State 2 is superheated.

Interpolating in the superheated tables at 8 MPa gives,

T2 = 362 °C
h2 = 3024 kJ/kg
u2 = 2776 kJ/kg

Since state 2 is superheated, the liquid level falls.

Extra Problem

What would happen to the liquid level in the last example if the specific
volume had been 0.001 m3/kg and the pressure was 8 MPa?
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Extra Assignment

Complete the following table for properties of water

Sketch a T-v or P-v diagram for each state.  Describe the phase as
compressed liquid, saturated mixture, or superheated vapor.  If the state is
saturated mixture, give the quality.

P MPa v m3/kg T °C Phase Description and
Quality if Applicable

1.725 100
0.85 0.227
15.0 400

0.001124 180
0.75 0.221

0.3879 150
0.25 0.095

0.04 350
20.0 300
1.6 0.2
3.5 0.095
10.0 220

0.580 135
0.055 500

0.4 0.4625
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Equations of State

The relationship among the state variables, temperature, pressure, and
specific volume is called the equation of state.  We now consider the
equation of state for the vapor or gaseous phase of simple compressible
substances. 

F P T v, ,b g ≡ 0

Ideal Gas

Based on our experience in chemistry and physics we recall that the
combination of Boyle’s and Charles’ laws for gases at low pressure result
in the equation of state for the ideal gas as

P R T
v

= FHG
I
KJ

where R is the constant of proportionality and is called the gas constant
and takes on a different value for each gas. If a gas obeys this relation, it is
called an ideal gas.  We often write this equation as

Pv RT=
The gas constant for ideal gases is related to the universal gas constant
valid for all substances through the molar mass (or molecular weight).  Let
Ru be the universal gas constant.  Then,

R R
M

u=
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The mass, m, is related to the moles, N, of substance through the molecular
weight or molar mass, M, see Table A-1.  The molar mass is the ratio of
mass to moles and has the same value regardless of the system of units.

M g
gmol

kg
kmol

lbm
lbmolair = = =28 97 28 97 28 97. . .

Since 1 kmol = 1000 gmol or 1000 gram-mole and 1 kg = 1000 g, 1 kmol
of air has a mass of 28.97 kg or 28,970 grams.

m N M=
The ideal gas equation of state may be written several ways.

Pv RT

P V
m

RT

PV mRT

=

=

=

PV m
M

MR T

PV NR T

P V
N

R T

Pv R T

u

u

u

=

=

=

=

b g



                                                                  Chapter 2-36

Here 
P = absolute pressure in MPa, or kPa 
v = molar specific volume in m3/kmol 
T = absolute temperature in K 
Ru = 8.314 kJ/(kmol⋅K) 

Some values of the universal gas constant are 

        Universal Gas Constant, Ru

8.314 kJ/(kmol⋅K)
8.314 kPa⋅m3/(kmol⋅K)
1.986 Btu/(lbmol⋅R)
1545 ft⋅lbf/(lbmol⋅R)
10.73 psia⋅ft3/(lbmol⋅R)

The ideal gas equation of state can be derived from basic principles if one
assumes

1.  Intermolecular forces are small.
2.  Volume occupied by the particles is small. 

Example 2-5

Determine the particular gas constant for air and hydrogen.

R R
M

R

kJ
kmol K

kg
kmol

kJ
kg K

u

air

=

= − =
−

8 314

28 97
0 287

.

.
.
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R

kJ
kmol K

kg
kmol

kJ
kg Khydrogen =

− =
−

8 314

2 016
4 124

.

.
.

The ideal gas equation of state is used when (1) the pressure is small
compared to the critical pressure or (2) when the temperature is twice the
critical temperature and the pressure is less than 10 times the critical
pressure.  The critical point is that state where there is an instantaneous
change from the liquid phase to the vapor phase for a substance.  Critical
point data are given in Table A-1.  

Compressibility Factor

To understand the above criteria and to determine how much the ideal gas
equation of state deviates from the actual gas behavior, we introduce the
compressibility factor Z as follows. 

Pv Z R Tu=
or 

Z Pv
R Tu

=

For an ideal gas Z = 1, and the deviation of Z from unity measures the
deviation of the actual P-V-T relation from the ideal gas equation of state.
The compressibility factor is expressed as a function of the reduced
pressure and the reduced temperature.  The Z factor is approximately the
same for all gases at the same reduced temperature and reduced pressure,
which are defined as 

T T
T

P P
PR

cr
R

cr

= =     and     
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where Pcr and Tcr are the critical pressure and temperature, respectively.
The critical constant data for various substances are given in Table A-1.
This is known as the principle of corresponding states.  Figure 2-51
gives a comparison of Z factors for various gases and supports the
principle of corresponding states.
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When either P or T is unknown, Z can be determined from the
compressibility chart with the help of the pseudo-reduced specific
volume, defined as 

v v
R T
P

R
actual

cr

cr

=

Figure A-30 presents the generalized compressibility chart based on data
for a large number of gases.

These charts show the conditions for which Z = 1 and the gas behaves as
an ideal gas: 
  

1. PR < 10 and TR > 2 or P < 10Pcr and T > 2Tcr 
  2. PR << 1 or P << Pcr 
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Note:  When PR is small, we must make sure that the state is not in the
compressed liquid region for the given temperature.  A compressed liquid
state is certainly not an ideal gas state.

      
For instance the critical pressure and temperature for oxygen are 5.08 MPa
and 154.8 K, respectively.  For temperatures greater than 300 K and
pressures less than 50 MPa (1 atmosphere pressure is 0.10135 MPa)
oxygen is considered to be an ideal gas.

Example 2-6

Calculate the specific volume of nitrogen at 300 K and 8.0 Mpa and
compare the result with the value given in a nitrogen table as v = 0.011133
m3/kg.  

From Table A.1 for nitrogen

Tcr = 126.2  K,  P cr = 3.39 MPa  R = 0.2968 kJ/kg-K

T T
T

K
K

P P
P

MPa
MPa

R
cr

R
cr

= = =

= = =

300
126 2

2 38

8 0
3 39

2 36

.
.

.
.

.

Since T > 2T cr and P < 10P cr, we use the ideal gas equation of state
Pv RT

v RT
P

kJ
kg K

K

MPa
m MPa

kJ
m
kg

=

= = −

=

0 2968 300

8 0 10

0 01113

3

3

3

. ( )

.

.
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Nitrogen is clearly an ideal gas at this state.

If the system pressure is low enough and the temperature high enough (P
and T are compared to the critical values), gases will behave as ideal gases.
Consider the T-v diagram for water.  The figure below shows the
percentage of error for the volume ([|vtable – videal|/vtable]x100) for assuming
water (superheated steam) to be an ideal gas. 

We see that the region for which water behaves as an ideal gas is in the
superheated region and depends on both T and P.  We must be cautioned
that in this course, when water is the working fluid, the ideal gas
assumption may not be used to solve problems.  We must use the real gas
relations, i.e., the property tables.

Useful Ideal Gas Relation: The Combined Gas Law
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By writing the ideal gas equation twice for a fixed mass and simplifying,
the properties of an ideal gas at two different states are related by 

m m1 2=
  
or

PV
R T

PV
R T

1 1

1

2 2

2

=

But, the gas constant is                          (fill in the blank), so

PV
T

PV
T

1 1

1

2 2

2

=

Example 2-7 

An ideal gas having an initial temperature of 25 °C under goes the two
processes described below.  Determine the final temperature of the gas.

Process 1-2:   The volume is held constant while the pressure
doubles.

Process 2-3:   The pressure is held constant while the volume is
reduced to one-third of the original volume.
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Process 1-3: 
m m1 3=

or
PV
T

PV
T

1 1

1

3 3

3

=

but V3 = V1/3 and P3 = P2 = 2P1

Therefore,

T T P
P

V
V

T P
P

V
V

T

T K K C

3 1
3

1

3

1

1
1

1

1

1
1

3

2 3 2
3

2
3

25 273 198 7 74 3

=

= =

= + = = − °

/

( ) . .

Other Equations of State

Many attempts have been made to keep the simplicity of the ideal gas
equation of state but yet account for the intermolecular forces and volume
occupied by the particles.  Three of these are 

van der Waals: 

Ideal
Gas

3
T2

1T1

V

T3

P

2
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( )( )P a
v

v b R T+ − =2

where

a R T
P

b RT
P

cr

cr

cr

cr

= =
27
64 8

2 2

     and     

Extra Assignment

When plotted on the P-v diagram, the critical isotherm has a point of
inflection at the critical point.  Use this information to verify the equations
for van der Waals’ constants a and b.

Beattie-Bridgeman: 

P R T
v

c
vT

v B A
v

u= −FHG
I
KJ + −2 3 21 ( )

where

A A a
v

B B b
vo o= −FHG

I
KJ = −FHG

I
KJ1 1     and     

The constants a, b, c, Ao, Bo for various substances are found in Table 2-4.

Benedict-Webb-Rubin: 
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P R T
v

B R T A C
T v

bR T a
v

a
v

c
v T v

e

u
o u o

o u

v

= + − −F
HG

I
KJ +

−

+ + +FHG
I
KJ

−

2 2 3

6 3 2 2

1

1
2α γ γ /

The constants for various substances appearing in the Benedict-Webb-
Rubin equation are given in Table 2-4.
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Example 2-8

Problem 2-95 at the end of Chapter 2 asks for the comparison of the ideal
gas equation and the Beattie-Bridgeman equation for nitrogen at 1000 kPa.
The following is an EES solution to that problem.  See the solution given
on the software disk.

Notice that the results from the Beattie-Bridgeman equation compare well
in the gaseous or superheated region with the actual nitrogen data provided
by EES.  However, neither the Beattie-Bridgeman equation nor the ideal
gas equation provides adequate results in the two-phase region, where the
gas (ideal or otherwise) assumption fails.

10-3 10-2 10-110-1
70
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150
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v [m3/kg]

T 
[K

]

 1000 kPa 

Nitrogen, T vs v for P=1000 kPa

EES Table ValueEES Table Value

Beattie-BridgemanBeattie-Bridgeman
Ideal GasIdeal Gas

 



                  

Specific Heats, Changes in Internal Energy and Enthalpy for Ideal
Gases

Before the first law of thermodynamics can be applied to systems, ways to
calculate the change in internal energy of the substance enclosed by the
system boundary must be determined.  For real substances like water, the
property tables are used to find the internal energy change.  For ideal gases
the internal energy is found by knowing the specific heats.  Physics defines
the amount of energy needed to raise the temperature of a unit of mass of a
substance one degree as the specific heat at constant volume CV for a
constant-volume process, and the specific heat at constant pressure CP for a
constant-pressure process.  Recall that enthalpy h is the sum of the internal
energy u and the pressure-volume product Pv.

h u Pv= +

In thermodynamics, the specific heats are defined as 

C u
T

C h
TV

v
P

P

=
∂
∂
F
HG
I
KJ =

∂
∂
F
HG
I
KJ    and    

Simple 

The ther
by givin
internal 
of T and

The tota
            

Substance

modynamic state of a simple, homogeneous substance is specified
g any wo independent, intensive properties.  Let's consider the
energy to be a function of T and v and the enthalpy to be a function
 P as follows:

u

l diff
 t
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( , )     and     ( , )u T v h h T P= =

erential of u is
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du u
T

dT u
v

dv

or

du C dT u
v

dv

v T

v
T

=
∂
∂
F
HG
I
KJ +

∂
∂
F
HG
I
KJ

= +
∂
∂
F
HG
I
KJ

The total differential of h is

dh h
T

dT h
P

dP

or

dh C dT h
P

dP

P T

P
T

=
∂
∂
F
HG
I
KJ +

∂
∂
F
HG
I
KJ

= +
∂
∂
F
HG
I
KJ

Using thermodynamic relation theory, we could evaluate the remaining
partial derivatives of u and h in terms of functions of P,v, and T.  These
functions depend upon the equation of state for the substance.  Given the
specific heat data and the equation of state for the substance, we can
develop the property tables like the steam tables.

Ideal Gases

For ideal gases, we use thermodynamic function relation theory of Chapter
11 and the equation of state  (Pv = RT) to show that u, h, CV, and CP are
functions of temperature alone. Then for ideal gases, 
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C C T u
v

C C T h
P

V V
T

P P
T

=
∂
∂
F
HG
I
KJ ≡

=
∂
∂
F
HG
I
KJ ≡

( )

( )

     and     

     and     

0

0

The ideal gas specific heats are written in terms of ordinary differentials as

C du
d

C d
d

V

P

= FHG
I
KJ

= FHG
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The following figure shows how the molar specific heats vary with
temperature for selected ideal gases.

The differential changes in internal energy and enthalpy for ideal gases
become 

du C dT
dh C dT

V

P

=
=

The change in internal energy and enthalpy of ideal gases can be expressed
as 
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∆

∆

u u u C T dT C T T

h h h C T dT C T T

V V ave

P P ave

= − = = −

= − = = −

z
z

2 1 1

2

2 1

2 1 1

2

2 1

( ) ( )

( ) ( )

,

,

where CV,ave and CP,ave are average or constant values of the specific heats
over the temperature range.  We will drop the ave subscript shortly.

In the above figure an ideal gas undergoes three different process between
the same two temperatures.

Process 1-2a:  Constant volume
Process 1-2b:  P = a + bV, a linear relationship
Process 1-2c:  Constant pressure

These ideal gas processes have the same change in internal energy and
enthalpy because the processes occur between the same temperature limits.

∆ ∆ ∆

∆ ∆ ∆

u u u C T dT

h h h C T dT

a b c V

a b c P

= = =

= = =

z
z

( )

( )

1

2

1

2

2a

T2

T1

2c1

P-V diagram for several processes for an ideal

P

V

2b
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To find ∆u and ∆h we often use average, or constant, values of the specific
heats.  Some ways to determine these values are as follows: 

1. The best average value (the one that gives the exact results)

See Table A-2c for variable specific data.

C
C T dT

T T
C

C T dT

T Tv ave
V

P ave
P

, ,

( ) ( )
=

−
=

−
z z1

2

2 1

1

2

2 1

     and      

2. Good average values are

C C T C T C C T C T
v ave

V V
P ave

P P
, ,

( ) ( ) ( ) ( )
=

+
=

+2 1 2 1

2 2
     and      

and
C C T C C T

T T T

v ave V ave P ave P ave

ave

, ,( ) ( )= =

=
+

    and      
where

2 1

2
3. Sometimes adequate (and most often used) values are the ones

evaluated at 300 K and are given in Table A-2(a).

C C K C C Kv ave V P ave P, ,( ) ( )= =300 300    and      

Let's take a second look at the definition of ∆u and ∆h for ideal gases.  Just
consider the enthalpy for now.
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∆h h h C T dTP= − = z2 1 1

2
( )

Let's perform the integral relative to a reference state where 
h = href  at T = Tref.

∆h h h C T dT C T dTPT

T

PT

Tref

ref

= − = ′ ′ + ′ ′z z2 1
1

2( ) ( )

or

∆h h h C T dT C T dT

h h h h

PT

T

PT

T

ref ref

ref ref

= − = ′ ′ − ′ ′

= − − −

z z2 1

2 1

2 1( ) ( )

( ) ( )

At any temperature, we can calculate the enthalpy relative to the reference
state as

h h C T dT

or

h h C T dT

ref PT

T

ref PT

T

ref

ref

− = ′ ′

= + ′ ′

z

z

( )

( )

Similarly, the internal energy change relative to the reference state is
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u u C T dT

or

u u C T dT

ref VT

T

ref VT

T

ref

ref

− = ′ ′

= + ′ ′

z

z

( )

( )

These last two relations form the basis of the air tables (Table A-17 on a
mass basis) and the other ideal gas tables (Tables A-18 through A-25 on a
mole basis).  When you review Table A-17, you will find h and u as
functions of T in K. Since the parameters Pr, vr, and so, also found in Table
A=17, apply to air only in a particular process, call isentropic, you should
ignore these parameters until we study Chapter 6.  The reference state for
these tables is defined as 

u T K
h T K

ref ref

ref ref

= =

= =

0 0
0 0

  at  
  at  

Partial listing of Table A.17 given in Figure 2-69
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In the analysis to follow, the “ave” notation is dropped.  In most
applications for ideal gases, the values of the specific heats at 300 K given
in Table A-2 are adequate constants.

Exercise

Determine the average specific heat for air at 305 K.

CP ave, =

(Answer: 1.005 kJ/kg⋅K, approximate the derivative of h wrt T as
differences)
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Relation between CP and CV for Ideal Gases

Using the definition of enthalpy (h = u + Pv) and writing the differential of
enthalpy, the relationship between the specific heats for ideal gases is 

h u Pv
dh du d RT
C dT C dT RdT
C C R

P V

P V

= +
= +

= +
= +

( )

where R is the particular gas constant.  The specific heat ratio k (fluids
texts often use γ instead of k) is defined as

k C
C

P

V

=

Extra Problem

Show that 

C kR
k

C R
kP V=

−
=

−1 1
      and      
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Example 2-9

Two kilograms of air are heated from 300 to 500 K.  Find the change in
enthalpy by assuming 

a.  Empirical specific heat data from Table A-2(c). 
b.  Air tables from Table A-17.
c.  Specific heat at the average temperature from Table A-2(c).
d.  Use the 300 K value for the specific heat from Table A-2(a).

a. Table A-2(c) gives the molar specific heat at constant pressure for air as

C x T x T x T kJ
kmol KP = . + .  + . -  .  

-
-2 -5 -92811 01967 10 0 4802 10 1966 102 3

The enthalpy change per unit mole is

∆h h h C T dT

x T x T

x T dT

T x T x T

x T

kJ
kmol

P

K

K

= − =

=

=

z
z

2 1 1

2

2

300

500

3

2 3

4

2811 01967 10 0 4802 10

1966 10

2811 01967 10
2

0 4802 10
3

1966 10
4

5909 49

( )

(

(

.

= . + .  + .

-  .  )

. + .  + .

-  .  )

-2 -5

-9

-2 -5

-9

300K
500K
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∆
∆h h
M

kJ
kmol
kg

kmol

kJ
kg

= = =
5909 49

28 97
2039

.

.
.

∆ ∆H m h kg kJ
kg

kJ= = =( )( . ) .2 2039 407 98

b. Using the air tables, Table A-17, at T1 = 300 K, h1 = 300.19 kJ/kg and
at T2 = 500 K, h2 = 503.02 kJ/kg

∆ ∆H m h kg kJ
kg

kJ= = − =( )(503. . ) .2 02 30019 40566

The results of parts a and b would be identical if Table A-17 had been
based on the same specific heat function listed in Table A-2(c).

c. Let’s use a constant specific heat at the average temperature.

Tave = (300 + 500)K/2 = 400 K.  At Tave , Table A-2 gives 
CP = 1.013 kJ/(kg⋅K).
  
For CP = constant,
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∆h h h C T T
kJ

kg K
K

kJ
kg

P ave= − = −

=
⋅

−

=

2 1 2 1

1013 300

202 6

, ( )

. (500 )

.

∆ ∆H m h kg kJ
kg

kJ= = =( )( . ) .2 202 6 4052

d. Using the 300 K value from Table A-2(a), CP = 1.005 kJ/kg- K.  

For CP = constant,

∆h h h C T T
kJ

kg K
K

kJ
kg

P= − = −

=
⋅

−

=

2 1 2 1

1005 300

2010

( )

. (500 )

.

∆ ∆H m h kg kJ
kg

kJ= = =( )( . ) .2 2010 402 0

Extra Problem

Find the change in internal energy for air between 300 K and 500 K, in
kJ/kg.
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Internal Energy and Enthalpy Changes of Solids and Liquids

We treat solids and liquids as incompressible substances.  That is, we
assume that the density or specific volume of the substance is essentially
constant during a process.  We can show that the specific heats of
incompressible substances (see Chapter 11) are identical. 

C C C kJ
kg KP V= =

⋅
F
HG
I
KJ

The specific heats of incompressible substances depend only on
temperature; therefore, we write the differential change in internal energy
as 

du C dT CdTV= =

and assuming constant specific heats, the change in internal energy is

∆ ∆u C T C T T= = −( )2 1

Recall that enthalpy is defined as

h u Pv= +
The differential of enthalpy is
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dh du Pdv vdP= + +

For incompressible substances, the differential enthalpy becomes

dv
dh du Pdv vdP
dh du vdP

=

= + / +
= +

0
0

Integrating, assuming constant specific heats 

∆ ∆ ∆ ∆ ∆h u v P C T v P= + = +

For solids the specific volume is approximately zero; therefore,

∆ ∆ ∆
∆ ∆ ∆

h u v P
h u C T

solid solid

solid solid

= + /
= ≅

0

For liquids, two special cases are encountered:

1. Constant-pressure processes, as in heaters (∆P = 0)

∆ ∆ ∆h u C Tliquid liquid= ≅
2. Constant-temperature processes, as in pumps (∆T = 0)

∆ ∆ ∆ ∆ ∆

∆ ∆

h u v P C T v P
h v P

liquid liquid

liquid

= + ≅ / +

=

0
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We will derive this last expression for ∆h again once we have discussed
the first law for the open system in Chapter 4 and the second law of
thermodynamics in Chapter 6.

The specific heats of selected liquids and solids are given in Table A-3.  


