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Chapter 6a Revision of Mechanics Basics 
Dr. Lutfi R. Al-Sharif (Revision 4.0, 15/11/2009) 

 
1. Introduction 
In preparation for the study of drives, a quick review is provided of some basic 
concepts in mechanics that are essential for motion control systems.  Mechanics 
consists of three areas:  Kinematics, Statics and Dynamics.  Kinematics involves the 
study of the motion of bodies in a frame of reference (without any consideration of 
the forces causing the motion).  Statics involves the study of the equilibrium of bodies 
under the effect of a number of forces.  Dynamics is the study of motion of bodies 
under the effect of a number of forces. 
 
2. Translational and Rotational Systems 
When using motors and drives to control loads, in the majority of cases there are two 
types of motion:  rectilinear translational and rotational.  For example a motor could 
be used to lift a load upwards via a gear box and a sheave.  In this case the motor, 
its coupling to the gearbox and the gears within the gearbox, as well as the sheave 
will be moving in a rotational manner, while the load will be moving in a rectilinear 
translational manner. 
 These two systems are shown in a graphical format in Figure 1 below.  In the 
first diagram, the mass m is moving in a straight line with non-zero speed, v(t), and 
non-zero acceleration, a(t).  In the rotational diagram, an inertia I is rotating around a 
central axis at a non-zero angular speed of ω(t) and non-zero angular acceleration 
α(t). 
 

 
Figure 1:  Graphical representation of translational and rotational systems under non-zero 

speed and acceleration. 

 
Table 1 below shows a comparison of a number of quantities between the two 
systems (rectilinear translational, rotational).  For example mass in the translational 
system (unit:  kg), corresponds to moment of inertia in the rotational system (unit:  kg 
m2).  This table is useful in two aspects: 
 

mass, 
m 

v(t)≠0, 
a(t)≠0 

Inertia, 
I 

ω(t)≠0, 
α(t)≠0 

Rectilinear 
Translational Rotational 
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1. It provides a clear description of the analogies between the translational and 
rotational systems. 

2. Any equation that applies to the translational system (that we are familiar with) 
can be translated into the rotational system just by replacing the suitable 
variables as shown in the table. 

 
Table 1:  Comparison of translational and rotational mechanics. 

Translational (linear) Rotational (in a plane) 
Quantity Unit Quantity Unit 

Displacement (s) m Rotation (θ) rad 
Velocity (v) m/s Rotational speed (ω) rad/s 

Acceleration (a) m/s2 Rotational acceleration (α) rad/s2 
Jerk (j) m/s3 - - 

Jounce (also called snap) m/s4 - - 
Force (F) N Torque (T) Nm 
Mass (m) kg Inertia (I)1 kg m2 

Kinetic Energy (KE) [½mv2] J Kinetic Energy (KE) [½ I ω2] J 
F=m a T=I α 

 
The equation F=ma is equivalent to the equation T=I α.  When a body of mass m (kg) 
is subjected to a Force F (N) it is accelerated by acceleration a (m/s2).  Similarly, 
when a body that can rotate around an axis and has a moment of inertia of I (kg m2) 
is subjected to a torque T (N m), its rotational speed will accelerate at a rotational 
acceleration ω (rad/s2). 
 
Some other notes on the table are shown below: 
 

1. There is no clear equivalent of the potential energy of the translational system 
(P.E.=m g h) in the rotational system. 

 
2. The time derivative of acceleration in the rotational system is called the jerk 

and this is an important quantity in the passenger transport systems such as 
lifts (elevators) and trains, as they are considered to be a indicator of 
passenger comfort.  The second time derivative of acceleration is called the 
jounce (or snap).  This is used in fairground ground ride design.  Although 
these two quantities do have equivalents in the rotational system, they are not 
used in practice and thus have not been included in Table 1. 

 
3. By carrying out a dimensional checking of the units on various quantities it the 

table, we can see that the radiant (rad) is effectively a dimensionless unit (or 
units of dimension 1 as they are called by BIPM (International Bureau of 
Weights and Measures)). 

 

                                            
1 It is important to distinguish between the moment of inertia, mass that has units of kg m2 and the 
moment of inertia, area that has units of m4. The moment of inertia discussed here is the moment of 
inertia, mass. 
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Throughout this course we are only interested in rectilinear translational motion (i.e., 
movement in straight lines) rather than curvilinear translational motion. 
 
3. Basic Kinematics 
In order to analyse motion control system, kinematics is needed.  “In physics, 
kinematics is the branch of classical mechanics concerned with describing the 
motions of objects without considering the factors that cause or affect the motion” 
(source:  Wikipedia).  This section presents a quick overview of the basic kinematics 
equation for rectilinear translational and rotational motion.  They are presented based 
on the assumption of a constant acceleration. 
 
3.1 Rectilinear Translational motion 
Let us take a body that is moving under constant acceleration between the times ti 
(initial time) and tf (final time).  The speed time relationship for such a body is shown 
in Figure 2.  Notice that the shaded area under the curve is in fact the distance 
travelled. 
 

 
Figure 2:  Speed time relationship for constant acceleration. 

 
The basic equations of rectilinear translational motion under constant acceleration 
are derived below.  

Under constant acceleration (deceleration) for a specified period of time, the 
velocity will change by the product of the acceleration and the time duration: 
 

……….(1) 
 
The distance covered can be expressed as the average speed multiplied by the time 
duration (effectively the area under the trapezoid): 
 

Time 

Velocity 

vf 

vi 

ti tf 

constant 
acceleration 

motion 

Shaded area 
under the 

curve is equal 
to the distance 

travelled  
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……….(2) 

 
Re-arranging (2) gives: 
 

…(3) 

 
Substituting (1) in (3) gives the distance covered during the time duration under the 
influence of the acceleration (deceleration) as: 
 

……….(4) 

 
Re-arranging (1) gives: 
 

……….(5) 

 
Substituting (5) in (2) gives: 
 

……….(6) 

 
Re-arranging provides the following important equation: 
 

……….(7) 
 
3.2 Rotational Motion 
By substituting θ for s, ω for v and α for a, we get the four equations that correspond 
to rotational kinematics, shown below as equation (8), (9), (10) and (11). 
 

……….(8) 
 

……….(9) 

 

……….(10) 
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……….(11) 
 
In practice however, and especially for speed control systems, the most widely used 
equation is (8) that provides the change in rotational speed as a function of rotational 
acceleration and change in time. 
 
4. The effect of a mass on a shaft 
In order to accelerate a mass in a linear horizontal direction, we need to apply a force 
as follows: 
 

 
 
In order to accelerate the mass in a vertical direction upwards, the force needs to first 
overcome gravity (the weight of the mass), as follows: 
 

 
 
This represents the tension in the belt (or the rope) that is pulling the mass upwards. 
 

 
Figure 3:  Motor hoisting application. 

 
If this belt (or rope) is wound over a pulley (or sheave) then torque must be supplied 
to the pulley (or sheave) in order to achieve this acceleration.  Multiplying both sides 
by the radius fo the pulley (or sheave) gives: 
 

Pulley 
(or 

sheave
) 

ω 

Load 
(m) 

Diameter of 
pulley or 

sheave, ds 

Td 

motor 
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Rearranging gives: 
 

 

 
As can be seen from the last equation above the mass suspended from the belt (or 
rope) has two different effects on the rotational shafts as follows: 
 
1. A torque at the shaft that is subtracted in this case from the motor torque, 

leaving a net torque that can be to accelerate the system. This torque is 
referred to as an out of balance torque meaning that it is a torque that is not 
balanced by another torque.  It is equal to the product of the weight of the mass 
(m·g) multiplied by the radius of the pulley (or sheave). 

 

 

 
2. An inertia I that is equal to the mass multiplied by the square of the radius of the 

pulley (or sheave).  We could think of this as if the mass was removed and 
replaced by a flywheel fitted to the pulley (or sheave) shaft, the value of which is 
I. 

 

 

 
5. Motor Lifting a Load 
An example of a mechatronic system is a hoisting application where a motor is used 
to lift and lower a load (e.g., crane, lift). 

Let us take the case where a motor is lifting a load vertically against gravity.  
For simplicity we have assumed that the motor does not require a gearbox (i.e., that 
the motor speed is suitable).  The geared case is discussed later in this Chapter.  
The motor shaft has certain inertia and is connected to the load via a pulley, whereby 
the load is connected via a belt.  [an alternative to the pulley and belt could be a 
sheave and a rope; a sprocket and a chain; or a drum and a rope]. 
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Figure 4:  Motor hoisting application. 

 
The diameter of the sheave is ds.  A load of mass m is lifted by the pulley (or sheave) 
via a belt (or ropes)2.  The weight of the mass m is producing a force in the belt (or 
rope) of its weight (m·g). 
 
The torque from the motor is Td (where the subscript d is used to denote the drive).  

The torque caused by the load is .  If we assume that the shaft is subject to 

a friction and windage torque of Tfw, then the total torque acting on the shaft is: 
 

……….(12) 

 
The total inertia at the shaft is the sum of the inertia of the shaft (including the pulley, 

sheave or sprocket) and the inertia caused by the load m which is . 

 
The total inertia is: 
 

……….(13) 

 

                                            
2 A sheave is a pulley that has grooves in it in which ropes can be fitted.  In general the system could 
either comprise a pulley with a belt; a sheave with ropes; or a sprocket with a chain. 

Inertia,I 

ω 

Load 
(m) 

Diameter of 
pulley, 

sheave or 
sprocket, ds 

Td 

motor 

Belt, rope or 
chain 
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Combining the two equations, gives the important result: 
 

……….(14) 

 
Obviously this notation assumes that the load is being accelerated in the upward 
direction and thus the out of balance torque caused by the mass is negative.  Where 
the drive torque is less than the torque caused by the weight of the load, the resultant 
acceleration will be negative, hence the load will accelerate downwards. 
 
Example 1 
A shaft is rotating at a speed of 1375 rpm.  The effect of friction and windage (air 
resistance) is equivalent to a torque of magnitude 3 Nm (and can be assumed to be 
speed independent for simplicity).  The shaft has a moment of inertia of 0.25 kg m2.  
How long will it take the shaft to come to a standstill? 
 
Solution 
The torque that is exerted on the shaft to slow it down is the friction and windage 
torque of value 3 N·m.  So the angular deceleration will be: 
 

α=3/0.25=12 rad·s-2 
 

We can use this to calculate how long it will take for the flywheel to come to a 
standstill, as follows: 
 

ω=α·t, so t=ω/α=(2·π·(1375)/60)/12=11.99 s■ 
 
Example 2 
A motor has a moment of inertia of 1.2 kg m2, and can provide a torque of 83 Nm, 
and has a top speed of 1450 rpm.  If it is fitted with a pulley that has a diameter of 
600 mm and the pulley is fitted with a rope to lift a mass of 20 kg.  Calculate the time 
it will take for it to achieve 1450 rpm from standstill (assuming constant torque from 
standstill to top speed) and what this equates to in terms of linear speed for the load.  
Ignore the mass of the rope for simplicity. 
 
Solution 
The inertia of the load referred to the shaft is: 
 

IL=20·(0.6/2)2=1.8 kg·m2 

 
The total inertia the system has to deal with is: 
 

Itotal=1.8 + 1.2 = 3.0 kg·m2 
 
The torque opposing the driving torque is the torque caused by the mass, which: 
 

TL=20·9.81·0.3=58.86 N 
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So the angular acceleration will be: 
 

α=(TD-TL)/Itotal=(83-58.86)/3=8.05 rad·s-2 
 
So the time taken to get to top speed will be (note that the angular speed has to be 
converted from rpm to rad/s): 
 

t= ω/α= (2·π·1450/60)/8.05= 18.86 s■ 
 
6. The effect of gearing 
When a gearbox is fitted between the motor and the load, it has an effect on the 
torque, speed and inertia.  In general, a gearbox is used to match the drive to the 
load.  Most gearboxes are used as reduction gearbox (i.e., to reduce the rotational 
speed).  Thus the speed will be reduced, and the torque will be increased.  
 This is very useful in practice; the rotational speed of most motors is too high 
to directly drive the load, and the torque is too low.  The gearbox matches the drive to 
the load. 
 A step-down gearbox reduces the rotational speed from the drive and 
increases the torque.  We shall refer to the gearbox reduction ratio as rg.  We shall 
refer to the drive side shaft as the high speed shaft (H.S.S.) and the load side shaft of 
the gearbox as the low speed shaft (L.S.S.). 
 In an ideal world, the efficiency of the gearbox would be 100% and hence no 
loss of power will result from the conversion.  Under such a scenario: 
 

 

 
By definition the relationship between the input speed and the output speed is: 
 

 

 
But: 
 

 

 
Thus, 
 

 

 
...showing the increase in the output torque 
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In reality, the efficiency will not be 100%.  Denoting the forward efficiency of the 
gearbox as , we can rewrite the equations above with the effect of the efficiency 
as follows (note that the efficiency does no affect the speed relationships, as these 
remain unchanged; the efficiency will affect the torque and the power): 
 
 

 

The relationship  between the speeds remains unchanged: 
 

 

 

 

 
The equations above show clearly how the efficiency affects the value of the low 
speed shaft torque but not the low speed shaft speed. 
 
The reason for using the forward efficiency above is that in certain gearboxes the 
forward and reverse efficiencies are unequal.  The term ‘forward’ and ‘reverse’ refer 
to the direction of flow of the power.  The power is flowing in the forward direction if it 
is flowing from the high speed shaft to the low speed shaft; the power is considered 
to be flowing in reverse if it is flowing from the low speed shaft to the high speed 
shaft. 
 

 
Figure 5:  Effect of gearing on speed and torque. 

 
The gearing will also have an effect on the inertia when it is ‘referred’ to the high 
speed shaft.  The inertia when referred from the low speed shaft to high speed shaft 
is divided by the square of the gearbox ratio, rg.  When an inertia from the high speed 
shaft is referred to the low speed shaft it is multiplied by the square of the gearbox 
speed reduction ratio. 

Gearbox 
rg 

(ηf) 

ωHSS ωLSS  

TLSS  
THSS 



Chapter 6a:  Mechanics Basics 0908531 Selected Topics of Mechatronics 
 

Source URL: http://www.ju.edu.jo/sites/Academic/l.sharif/Material/Forms/AllItems.aspx  
Saylor URL: http://www.saylor.org/courses/me302 
 
Attributed to: [Dr. Lutfi R. Al-Sharif]   www.saylor.org 
   Page 11 of 16 

The reason for using the square of the gearing ratio (rather than just the 
gearing ratio) can be understood by looking at the principle of conservation of 
energy.  Let us assume that we have a flywheel on the low speed shaft of ILSS 
rotating at a speed ωLSS and we want to find its equivalent inertia at the HSS.  We 
have a gearing ratio of rg between the two shafts.  Then the kinetic energy must be 
the same whether the flywheel is fitted on the HSS or the LSS. So: 
 

 

 
The practical implication of this result is that if we wish to add more inertia to a 
system it is better to fit the extra flywheel to the high speed shaft as it will appear 
much larger when referred to the low speed shaft.  For this reason, flywheels are 
always in practice fitted to the high speed shaft (usually the motor shaft). 
 
7. Counter-Weighting 
In many mechanical systems the concept of dead load and live load exists.  Dead 
load is always present in the system and does not provide any useful contribution.  
An example of this is the mass of the car that transports passengers.  In each 
journey we move the mass of the whole vehicle back and forth.  This movement does 
not provide any useful contribution and is only necessary in order to carry the 
passenger and provide safety.  Live load on the other hand is not always present, 
and the purpose is to move the live load from one location to another. 
 The concept of counter-weighting is to compensate for the dead load in the 
system.  This can be done by adding an additional mass that compensates for some 
or all of the dead load in the system.  In a geared hoisting system this is done by 
adding another mass on the other side of the pulley (or sheave or sprocket). 
 
As shown in the figure below (Figure 6) a second mass is fitted to the other side of 
the pulley.  The two masses will be denoted as m1 and m2. 
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Figure 6:  Geared counterweighted hoisting application. 

 
8. General Equations for Geared Hoisting Systems 
A general set of equations will be developed below for the geared hoisting system.  
The equations will refer to above. 
 The concept of overall efficiency will be extended to the whole system 
(motor/drive, gearbox, pulley/sheave/sprocket…).  The forward and reverse versions 
of this efficiency will be applied to the whole system and denoted as  and  
respectively. 
 The general equation that allows the calculation of the rotational acceleration 
on the high speed shaft (HSS) can be derived as follows: 
 

 

 
Where: 

 is the drive torque in N·m. 

Inertia,I 

ω 

Load 
(m1) 

Diameter of 
pulley, 

sheave or 
sprocket, ds 

Td 

motor 

Belt, rope or 
chain 

Gearbox 
HSS 

LSS 

Load 
(m2) 
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 is the rotational acceleration of the high speed shaft in rad·s-2. 
 is the mass suspended on the right hand side in kg. 
 is the mass suspended on the left hand side in kg. 

 is the acceleration due to gravity in m·s-2 (9.81). 
 is the diameter of pulley/sheave/sprocket in m. 
 is the gearbox reduction ratio. 
 is the overall forward efficiency of the system. 

 
Remember that the convention in the equation above is the following: 

• Moving upwards is positive; moving downwards is negative. 
• Counter-clockwise torque is positive; clockwise torque is negative. 
• The mass m1 is on the right hand side of the pulley/sheave/sprocket. 
• The mass m2 is on the left hand side of the pulley/sheave/sprocket. 

 
Any convention can be used, as long as it is consistently applied. 
 
Note that for the purposes of evaluating the total effective inertia from the two 
masses the equivalent inertias are added (remember there is no such thing as 
negative inertia, where inertia is a scalar).  However for the purpose of evaluating the 
effective torque from the two balancing masses is subtracted as they have an 
opposite effect on torque (remember that torque is a vector and can have a negative 
value). 
 
9. Friction and Traction 
When a force pushes two surfaces against each other, a frictional force develops that 
opposes the direction of motion of the body.  The magnitude of the frictional force is 
equal to the product of the perpendicular force pushing the two surfaces against each 
other multiplied by the coefficient of friction of the two surfaces.  This is shown in 
Figure 7.  It is important to emphasise that the coefficient of friction is measured for 
each pair of surfaces (i.e., cannot be calculated). 
 

 
Figure 7:  Frictional force on a body. 

 
Friction can be used to an advantage in transport by preventing tyres and wheels 
from slipping aginst the surface on which they are running.  For example rubber 
against certain surfaces has a high coefficient of friction (1.0-2.0).  In this case this 

Load 
(m) 

Force 
(F) 

Coefficient of friction for 
the two surfaces, µ 

Direction 
of motion Frictional force 

µ F 
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phenomenon is called Traction, and in fact it works in this case in the same direction 
as the force moving the body (see Figure 8). 
 

 
Figure 8:  Traction. 

 
Example 3 
An object of a mass of 0.5 kg is travelling on surface at a speed of 8.0 m/s.  
Assuming a coefficient of friction between the object and the surface of 0.02039, 
calculate the time the object will come to a rest if: 
 

• The surface is horizontal. 
• The surface is inclined at 12 degrees to the horizontal in a way that 

opposes the motion of the object. 
 
Solution 
When the surface is horizontal, the frictional force is: 
 

Ffrictional=µ·Fperpendicular=0.5·9.81·0.02039=0.1 N 
 
So the deceleration on it will be: 
 

a=0.1N/0.5=0.2 m·s-2 
 
The time the object will take to come to rest will be: 
 

t=v/a=8/0.2= 40 s 
 
When the surface is inclined to the horizontal, two forces will act on the body: 
 

• The component of its weight that is parallel to the surface (trying to slow it 
down). 

• The frictional force (also trying to slow it down). 
 
The component of its weight that is parallel to the surface is calculated as follows: 
 

Fparallel= 0.5·9.81·sin(12)=1.02 N 

Load 
(m) 

Coefficient of friction for 
the two surfaces, µ 

Direction 
of motion 

Traction (Frictional 
force µ F) 

Force 
(F) 
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The frictional force in this case will be: 
 

Ffrictional=0.5·9.81·cos(12)·µ= 0.098 N 
 
So the total force trying to slow the body down is: 
 

Ftotal=1.02+0.098=1.118 N 
 
This will cause the following deceleration to the body: 
 

a=F/m=1.118/0.5=2.236 m·s-2 
So the time taken to come to a standstill will be: 
 

t=v/a=8/2.236=3.58 s■ 
 
Example 4 
A stationary object that has a mass of 3 kg goes into free fall for a distance of 3 m 
and hits a hydraulic buffer.  If the mass is brought to rest within 200 mm, calculate 
the average force exerted on the hydraulic buffer to achieve this. 
 
Solution 
The body starts from standstill and accelerates at the value of g (9.81 m·s-2).  At a 
distance of 3 m and ignoring air resistance, it will attain a speed of: 
 

v2=2·a·s=2·9.81·3, so v=7.67 m·s-1 
 
The buffer will now apply a deceleration on the body to bring it to rest within 0.2 m.  
So assuming constant deceleration (constant force, so the buffer is probably acting 
as a damper): 
 

a=(v2)/(2s)=(7.67)2/(2·0.2)=147 m·s-2 
 
The buffer will have to apply two forces:  one to counteract the weight of the object 
and the other to decelerate it.  So the force will be: 
 

F=m·(adec+aweight)=3·(147+9.81)=471 N 
 
Note that we have ignored the change in potential energy of the body over the 0.2 m 
distance.■ 
 
Example 5 
A vehicle weighs 2000 kg, and uses rubber tyres.  Assuming that the coefficient of 
friction is 1.3, calculate the maximum angle to the horizontal of the slope that the 
vehicle can climb without slippage.  At this slope, what power motor is needed to 
allow it to travel at 20 m/s. 
 
Solution 
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The coefficient of friction is 1.3.  At the maximum angle, the force trying to slide the 
car down would be exactly equal to the frictional force. 
 

m·g·sin(θ)=µ·m·g·cos(θ) 
Or: 

µ=tan(θ) 
 

(Thus the angle is independent of the mass of the object and the value of g). 
 

1.3 = tan(θ) 
θ=52.43º 

 
When the vehicle starts moving, it only needs to overcome the component of its 
weight parallel to the incline (and not the frictional force): 
 

Fincline=2000·9.81·sin(52.43)=15551 N 
 

So the power needed to move it at 20 m/s is: 
 

Pincline=15551·20=311 kW■ 
 
Problems 
1. For a counterweighted gearless hoisting system, calculate the value of rotational 
and linear acceleration and their direction assuming the following parameters (the 
notation refers to figure 6 without the gearing): 
 

• Motor torque:   100 N·m 
• m1 is:    100 kg 
• m2 is:    50 kg 
• Mass of the flywheel is:   10 kg 
• Inertial of the flywheel is: 0.1 kg·m2. 
• Inertia of the pulley is: 0.2 kg·m2. 
• Diameter of the pulley: 1 m 

 
2.  Using a counterweighted arrangement design a system that can provide a linear 
acceleration under the influence of gravity of 0.1 m·s-2, without the use of a motor or 
drive. 
 
 


